Abstract: The non-normal incidence of semi-guided plane waves on step-like or tapered transitions between thin film regions with different thicknesses, an early problem of integrated optics, is being reconsidered. As a step beyond the common effective index picture, we compare two approaches on how this problem can be tackled -at least approximately -by nowadays readily available simulation tools for integrated optics design. Accepting the scalar approximation, using an ansatz of harmonic field dependence on the position along the interface, the 3-D problem reduces to a 2-D Helmholtz problem, for guided wave input and transparent-influx boundary conditions, with an effective permittivity that depends on the incidence angle. Alternatively, one complements the structure with a second mirrored interface, such that the 2-D cross section of a wide multimode rib waveguide emerges. Constraints for transverse resonance then permit to translate the propagation constants of its polarized modes into discrete samples of the phase changes experienced by an in-plane guided wave upon total internal reflection at the sidewalls.
Introduction
Classical concepts [1, 2] for integrated optical components like lenses [3, 4] , mirrors [5] , prisms [6] , but also for complex lens-systems [7] , or, more recently, for entire spectrometers [8, 9] , rely on the effects that a -tapered or step-like -transition between regions with different layering, specifically different core thicknesses, has on thin-film guided, in-plane unguided light. Results for the reflection and refraction of 1-D guided plane waves at such a discontinuity may form the basis for a description of the in-plane propagation by geometrical optics [1, 2, 8] . Figure 1 provides a schematic view of the problem under consideration. Figure 1 : Incidence of vertically guided, laterally unguided plane waves under an angle on a step discontinuity between regions with different core film thicknesses. Primary interest is in the relative amplitude, and in the phase of the reflected semi-guided wave, typically as a function of the angle of incidence. This phase change, or more precisely its angular derivative, determines the lateral displacement, the so-called Goos-Hänchen shift, of an in-plane-guided beam upon reflection at the transition [10, 11] .
One might be tempted to reduce the actual 3-D problem of Figure 1 to two spatial dimensions by what is known as "effective index method" (cf. e.g. Ref. [12] and the references given therein), i.e. by representing the regions of different film thicknesses in terms of the effective modal indices of properly polarized slab waveguide modes, followed by applying the classical Fresnel-expressions [13] for reflection and transmission of plane waves under angled incidence. Unfortunately, this approach is highly questionable (radiation losses, ill-defined effective index [12] ) even for the case of normal incidence, then a true 2-D problem. For angled incidence, one additionally neglects any effects due to the vectorial nature of the problem (wave hybridization).
As a starting point for further considerations, in Section 2 we briefly write out the exact equations. One arrives at a vectorial Helmholtz (-scattering) problem in two spatial dimensions, that is formally identical to the equations for the modes supported by waveguides with 2-D cross sections. For the scattering problem, a parameter, given by the incidence angle, takes the role of the propagation constant-eigenvalue in the mode problem. Furthermore, the boundary conditions for both problems differ. Nevertheless, in principle, it should be possible to re-use "half of" any vectorial code for eigenmode analysis, implement the proper parametrized transparent-influx-boundary conditions, and employ a solver for an inhomogeneous linear system in place of an eigenvalue solver, to arrive at an exact (numerical) solution of the problem in question. Such a line of action might be most convenient for those methods where the slab modes required for the specification of the incident waves play a role in the internal representation of the electromagnetic field anyway (Film-Mode-Matching [14] , also available in a commercial context [15, 16] ). Still, so far we did not come across any directly applicable simulation tools.
The task of Section 2, however, resembles closely two types of problems for which software tools are readily available, namely solvers for scalar 2-D Helmholtz (scattering) -problems, with proper boundary conditions, on the one hand, and eigenmode solvers for dielectric channels on the other hand. It is the purpose of this paper to explore how far one can come by using these available tools, necessarily incurring certain approximations. The respective background is being outlined in Sections 3, 4, respectively. Section 3.2 relates to what might be understood as the Goos-Hänchen shift in the present context. Results are discussed and compared for a step discontinuity and for a series of tapered transitions in Section 5. This paper extends our preliminary account in Ref. [17] .
Formal problem
We first look at a generic configuration as given schematically by Figure 2 . Semi-guided plane waves, coming in from the z-and y-homogeneous region (I), encounter an interface at z = 0, or a transition region z ≥ 0, respectively, which deviates from the slab profile in region (I). The problem is governed by the homogeneous Maxwell equations in the frequency domain, for linear, isotropic, monmagnetic dielectric media:
The optical electric and magnetic fieldsẼ,H oscillate in time ∼ exp(iωt) with frequency ω = kc = 2πc/λ, for vacuum wavenumber k, wavelength λ, speed of light c, permittivity ǫ 0 , and permeability µ 0 . Structural information is given by the relative permittivity ǫ = n 2 , or by local values for the refractive index n.
Motivated by the y-homogeneity of the problem, ∂ y ǫ = 0, one looks for solutions of the form or, alternatively,
with
further equivalent variants exist. Formally these equations are identical to the vectorial equations for guided modes [11, 18] , with the lateral wavenumber k y in the role of the propagation constant in the mode eigenproblem, here entering through the effective permittivity ǫ eff .
For the specification of the incident waves, one observes that region (I) with permittivity ǫ I (x) represents a standard slab waveguide structure, characterized by y-and z-homogeneity. Local solutions are transverse electric (TE) or transverse magnetic (TM) polarized separable planar waves of the form
In order to represent the incoming guided slab mode, and also any reflected guided fields in region (I), the solutions of Eqs. (6), (7) for the principal electric or magnetic field components E, H need to be complemented by expressions for the remaining five components of E and H. The vectorial fields then need to be rotated according to the given angle of incidence.
One is left with a vectorial Helmholtz-(scattering-) problem on a 2-D computational domain (cf. Figure 2 (c)), for the parametrized effective permittivity (5) . The problem needs to be solved for boundary conditions that are transparent for outgoing guided and nonguided waves on all sides (N, W, E, S) of the computational domain, and that can accommodate the prescribed influx of a polarized vectorial plane guided wave, for the given angle of incidence (W).
Scalar theory
For simplicity we first look at a step discontinuity, as illustrated schematically in Figure 3 . What follows relies on the approximation that, for the problem in question, polarization effects originating from interfaces or permittivity gradients can be disregarded. Neglecting the corresponding derivatives, the original Maxwell equations (1) turn into to the scalar Helmholtz equation Step discontinuity, cross sectional and top views, with the relevant wave vectors and angles indicated.
As before, due to the homogeneity of the problem ∂ y ǫ = 0, one adopts an ansatz of harmonic y-dependence for the scalar fieldẼ:
In region (I), z < 0, a slab mode with x-profile Ψ and effective mode index N , nonguided in the y-and z-directions, is supposed to be coming in at an angle θ:
This incoming waveẼ in must satisfy the previous ansatz (9) . Consequently, the lateral wavenumber k y has to be related to the angle of incidence as
One is left with the effective scalar problem
which is to be solved on a 2-D computational domain with boundary conditions analogous to Figure 2 (c), for the incoming field (10) . Note that Eq. (12) emerges as well if one neglects the permittivity derivatives (∂ǫ = ǫ∂) in the elements of the matrix operators of Eqs. (3), (4).
In principle, any suitable 2-D Helmholtz (scattering) solver for scalar TE fields could be applied. The outcome will be the field in the computational domain, or a numerical representation thereof, which, in region (I), can be given the form
where χ is assumed to be orthogonal to the incoming profile, χ(x, z)Ψ(x) dx = 0, for all z < 0. This remainder represents any nonguided parts of the optical fields (radiation losses, backward propagating in region (I)) as well as guided waves of higher orders, if applicable. Our primary result is the complex reflection coefficient ρ = ρ 0 e iφ which separates into the reflectance R = ρ 2 0 , and the phase change upon reflection φ. In case guided modes are supported in region (II), also the guided wave transmittance T , defined analogously, might be of interest. Typically all quantities will be investigated as functions of the angle of incidence θ.
Total internal reflection
Beyond the discontinuity, in the region (II) of Figure 3 , the structure becomes z-homogeneous again. We assume that the core thickness there is smaller than the thickness in region (I), or, more precisely, that the effective index of the fundamental guided slab mode supported by region (II), if any, is smaller than N . Any in-plane propagating waves in region (II) can be characterized by a wavenumber kn II and an effective index n II that relate to the y-z-propagation. In case the layering of region (II) supports guided slab modes, the effective index of the fundamental mode constitutes an upper limit for n II . If no guided modes exist, the larger one of the refractive indices for x → ±∞ in region (II) (i.e. the maximum of the substrate or cover refractive indices) establishes an upper bound for n II . Let N II denote that limiting value.
Our ansatz (9) covers region (II) as well. All in-plane propagating waves there can thus be associated with a propagation angle θ II , such that Snell's law holds for the in-plane propagation:
Propagating waves in region (II) require sin θ II to be real, i.e. sin θ II ≤ 1. Consequently, if the angle of incidence θ exceeds the critical angle θ c given by
no in-plane propagating waves can exist in region (II), and hence no optical power is being transferred into that region (evanescent waves, which decay exponentially in the +z-direction, are well permitted).
More formally this can be seen as follows. With a view to the completeness of the operator of Sturm-Liouville type in Eqs. (6), (10), here for region (II), we can restrict to solutions of Eq. (8), or Eq. (12), respectively, in the separable form
where the local "mode" profile Ψ II satisfies
Remember that N II has been introduced above as a limiting value, not (necessarily) the actual effective index of the wave in question. In-plane propagating waves of this form, i.e. solutions with k 2 II,z ≥ 0, thus require that k 2 N 2 II − k 2 y ≥ 0, or, using the ansatz (11) , that the angle of incidence θ does not exceed the critical angle (15) . A similar reasoning can be applied to any reflected waves in region (I) that propagate in the negative z-direction, i.e. that carry potential radiative losses. These waves can be associated with an effective index N 1 , relating to y-z-propagation. Typically N 1 would be the effective mode index of the first order slab mode, if applicable, or alternatively the maximum of the core/cladding refractive indices, as the limiting value for the continuum of core/cladding "modes". Also here we can associate an in-plane propagation angle θ 1 with these waves, which needs to comply with Eq. (9):
Propagating waves in region (I), beyond the fundamental guided slab mode with effective index N , can exist only if sin θ 1 ≤ 1, or for incidence angles θ below the critical angle
for the in-plane propagation of higher order waves in region (I). In particular, for θ > θ r , no backwards traveling propagating waves are permitted in region (I), apart from the fundamental guided mode. Any optical power reflected from the interface is thus being carried away by that mode, there are no radiation losses due to reflected waves, the guided wave reflectance and transmittance (attributed to the fundamental mode only) add up to unity, T + R = 1. If in addition θ > θ c , then the interface reflects the entire incident power into the backwards traveling fundamental guided mode, R = 1, T = 0. In that case one can indeed speak of total internal reflection for the semi-guided plane waves.
Note that, in case that regions (I) and (II) share the same z-and y-uniform cladding, as considered in Section 5, θ r also limits the range of incidence angles where higher order propagating waves can exist in region (II). In fact, as seen by evaluating Eq. (12) at a position where ǫ(x, z) = N 2 1 (examples are the substrate and cover regions in the examples of Section 5), the effective permittivity ǫ eff in the cladding is negative for incidence angles beyond θ r , i.e. permits only (x-, z-) evanescent waves. Note further that most of this reasoning applies as well for configurations with a tapered domain -of in principle arbitrary shape -in between the regions (I) and (II), as hinted at in Figure 2 . Exceptions would be configurations with an intermediate higher refractive index, or larger core thickness (here one must expect the existence of guided waves, propagating in the y-direction), or large intermediate substrate or cladding indices that establish something like a half-or double-infinite "vertical core".
While these arguments rest on Eq. (8), i.e. are valid for scalar (TE-like) waves only, one could analogously write equations for a second set of characteristic angles that relate to waves with vertical (-x) profiles of TM shape, satisfying Eq. (7). In case the transition / interface does not cause any (substantial) polarization coupling, the former considerations are applicable independently to TE-and to TM polarized waves. Otherwise one would have to consider both characteristic sets together in order to identify ranges of angles of incidence, where the different types of polarized waves in regions (I) or (II) can exist, i.e. where power transfer between the respective waves is permitted or forbidden.
Semi-guided beams
what happens to a vertically guided, laterally wide, non-guided beam when it encounters the interface [10, 11] . For the guided part of the waves in region (I), and for configurations with total internal reflection (ρ 0 = 1), such a superposition reads
The second term represents the reflected waves; for total internal reflection only the phase part of the reflection coefficient remains. Its functional form φ(k y ) is known only implicitly through the numerical results. Note that the explicit dependence k z (k y ), as stated in Eq. (13), will not be used below.
We now assume that the amplitudes A(k y ) of the wave packet are nonzero only in a small region of values k y around k y0 = kN sin θ 0 , related to the principal angle of incidence θ 0 of the beam, such that expansions
, suffice for evaluating the integrals formally:
The incident and the reflected beam share the same envelope F (ξ) = A(k y0 + q) e −iξq dq, where, in the plane of incidence z = 0, the reflected beam is displaced by the lateral distance ∆ 0 , relative to the incident beam. Using the relation (11), and dropping the zero subscripts, the expression for the Goos-Hänchen shift ∆ of a beam at incidence angle θ can be given the form
According to the schematic view in Figure 4 , the lateral shift can be viewed as a geometric reflection at an effective boundary at a distance δ = ∆/(2 tan θ) behind the actual physical interface. Respective values for ∆ and δ complement the results for reflectance R and phase change upon reflection φ in Section 5. Note that the reasoning in this section remains valid for total internal reflection at slab waveguide transitions of arbitrary shape (e.g. for the tapered configurations of Section 5.2), as long as the region (I) on the left z < 0 of the "interface" is z-homogeneous (where the precise interface position is arbitrary, in principle), provided that the data for φ(θ) is calculated and applied consistently. 
Transverse resonance
A standard dielectric rib waveguide can be viewed as being made from two of the former steps, separated by the width of the rib. Both types of structures share the invariance along the discontinuity / propagation coordinate, in our case the Cartesian y-axis. Hence, at least when restricting things to configurations with total internal reflection at the step discontinuity, one might expect that the properties of the guided modes supported by the rib are being determined by what happens at the -then two -step discontinuities that form the channel. Vice versa, one might expect that any known properties of guided modes might tell something about the sidewalls. In the core region −W < z < 0, where ǫ(x, z) = ǫ I (x), the principal component E of the mode profile satisfies the equation
Accepting, for this central region, the approximation of a separable field E(x, z) = Ψ(x) ζ(z), where Ψ is the 1-D TE mode of the central slab,
one is led to a second 1-D slab mode problem for the lateral shape ζ,
with the solution ζ(z) = ζ 0 e ±iγz for −W < z < 0, with γ 2 = k 2 N 2 − β 2 . The waves in the interior region are thus propagating with lateral wavenumber γ = kN cos θ, with propagation constant β = kN sin θ, and at a mode angle θ that can be interpreted as the angle of incidence of these interior waves on the rib sidewalls (cf. Figure 5 ). Values of β, and corresponding mode orders m, that relate to guided solutions are to be found as roots of the transverse resonance condition associated with the problem (24):
(note the sign convention adopted in Eqs.
(1), (13) for the phase factors). Among other quantities the phase change φ of the waves upon reflection at the rib sidewalls is so far unknown. Now presume that the guided modes of the channel, and a corresponding set of lateral mode indices and propagation constants, are available by means of some other existing suitable solver. If those modes are reasonably well approximated by our former ansatz of separable fields, with a lateral shape according to Eqs. (24), (25), we may use the transverse resonance condition as a means to determine φ, by supplying the -now givenvalues for the mode parameters m and β. One obtains estimates for the phase change φ upon reflection at the rib sidewalls, for a series of sample values of incidence angles θ that relate to the set of discrete propagation constants β through sin θ = β/(kN ). All modes are presumed to share the same x-profile Ψ; hence the distance W determines the discrete values θ. As long as the underlying approximations remain valid, one expects that results from mode solver runs for different (large, arbitrary) widths W sample the same smooth curve φ(θ).
Obviously this reasoning, in the present form, applies to guided modes only, i.e. to incidence angles θ larger than the critical angle for total internal reflection. Note that the assumption of separable fields in the center of the rib constitutes a quite restrictive approximation. Effects like mode hybridization at the sidewalls, and contributions from higher order slab modes or evanescent fields, are obviously disregarded. In many cases, however, typically for wide and shallow ribs, one obtains excellent results with quasi-TE (or -TM) approximations of -in principle fully vectorial -guided modes [19] . A similar accuracy can, presumably, be expected for the present analysis of comparable configurations.
In fact, one might view the fully vectorial mode analysis of comparable rib waveguides (in the sense of Figure 5 ) as some test for the theory of the present and previous sections. If the minor components of all guided modes are clearly negligible, then pronounced polarization coupling does not play a role for the configuration in question, i.e. the present scalar models should be adequate. We've found this to be the case for all structures considered in the next section.
Examples
The numerical experiments of the following paragraphs rely on the quasianalytical scalar 2-D Helmholtz solver of [20, 21] . Guided mode analysis of channels with 2-D cross sections, as required for the approach of Section 4, has been carried out with the quasianalytical technique of Ref. [22] (step discontinuities), and with the vectorial finite-difference solver of Ref. [16] (tapered transitions). Note that errors are inherent to all these results. For the Helmholtz solver, mainly the effect of the limited computational window and the staircase approximation, for the tapered solutions, are to be mentioned. The mode solvers are invoked for quasi-TE or vectorial, TElike polarized waves. Consequently, different continuity conditions for the lateral interfaces might cause a disagreement with the truly scalar results from the Helmholtz solvers. Although reasonable convergence, up to the scale of the figures, has been assured in all cases, certain "noisy" features in the respective curves, especially when it comes to derivatives (i.e. differences of possibly defective values), must probably still be attributed to numerical uncertainties.
Parameters have been adopted to be comparable with the practical design of the prism spectrometer in Ref. [9] . Referring to the insets of 
Step discontinuity
Figures 6, 7 summarize our simulations for reflection at a step discontinuity. We look at the entire range of incidence angles first, by means of the scalar approach of Section 3. According to Figure 6(a) , the level of transmittance T = 0.74, at normal incidence, remains nearly stationary for incidence angles close to θ r . The level of reflectance, R < 0.01 for θ = 0, increases gradually with θ approaching that limit. For θ ≥ θ r one indeed finds R + T = 1; the transmittance drops to T = 0 for θ ≥ θ c . At θ = θ r , the effective permittivity ǫ eff,b associated with the substrate and cladding regions, becomes negative. This manifests as well if one takes a look at the associated fields in Figure 6(b) . At θ = 20 • < θ r < θ c , backwards and forward traveling propagating waves are visible, corresponding to forwards and backwards radiative losses. These waves are suppressed for θ r < θ = 61 • < θ c ; the field is to be attributed mainly to the fundamental modes, with a partly standing, partly traveling wave in the input segment z < 0, and the wider, outgoing guided mode for z > 0. At even higher angles of incidence θ r < θ c < θ = 62 • , 80 • , 89 • , the incident guided mode is being fully reflected. No propagating waves are permitted in region (II); for z > 0 one merely observes evanescent field tails that decrease in extension, if θ grows towards grazing incidence. The profiles relate to the fields of Figure 6 (b), for nearby angles of incidence.
For grazing incidence θ → 90 • , one expects the field at the interface z = 0 to vanish; accordingly the phase change upon reflection φ approaches π (cf. Eq. (13)). φ decreases for lower incidence angles, with growing slope, down to the kink at the critical angle θ c . By using finite-difference approximations for the derivatives, the φ(θ)-data can be translated to the curves for the beam displacement ∆ and the effective boundary position δ, as shown in the upper panel of Figure 7 (a). Large values for the Goos-Hänchen-shift emerge for the steep slope of φ(θ) at the critical angle, and for vanishing cos θ for grazing incidence. The geometrical "penetration depth" of the beams remains small for the step transitions; the largest values are found for the long evanescent field tails just above the critical angle.
Tapered transition
Results for linearly tapered transitions have been collected in Figure 8 . For part (a) the parameters are as given in Figures 6, 7 ; the curves in those figures can thus be viewed as the limit of the data in Figure 8 for zero taper length. To match the actual final design in Ref. [9] , for the simulations in (b) we assumed a slightly larger thickness d = 170 nm, leading to accordingly different angles θ r = 59.08 • and θ c = 60.84 • . Nevertheless the curves in Figure 8 (b) should be discussed as part of the series in Figure 8 (a), for a "long" taper. The effects of lossless total internal reflection beyond a critical angle of incidence, and the partial lossless reflection in a small intermediate interval of incidence angles, occur for the tapers as well as for the step discontinuity. Note that these characteristic angles do not depend on the intermediate shape of the transition.
The absolute phase change upon reflection grows with increased taper length, as does the lateral beam displacement, and the penetration depth of the beam into the tapered region. The kink in the φ(θ)-curve at θ = θ c appears to become less pronounced for more extended transitions. Just as for the step discontinuities, extremal values for ∆ and δ are observed for incidence close to the critical angle, and for grazing incidence. Still, in case of the long taper of Figure 8 (b), these deviations are substantial also for intermediate angles reasonably well above the critical angle, e.g. at θ = 65 • with ∆ = 92 µm and δ = 21 µm. Here the geometrical penetration depth turns out to be larger than the actual length of the taper.
Concluding remarks
Standard simulation tools can provide approximate quantitative insight on the 3-D slab-transition problem.
Where applicable, the results obtained with a scalar 2-D Helmholtz solver and by guide mode analysis of rib waveguides with 2-D cross sections agree reasonably well, given the underlying approximations. Both scalar approaches take the light polarization into account only through the vertical shapes of the major parts of the optical fields, which are here assumed to be in-plane polarized.
Two characteristic angles have been identified, determined solely by the properties of the input-and output regions. Radiation losses are forbidden for wave incidence beyond the first angle, while guided transmission is still allowed. For incidence at angles larger than the second, the critical angle, the entire incident power is being reflected into the guided incoming mode. Only in that regime the "conventional" viewpoint, where one assigns effective mode indices to the regions with constant thickness, followed by application of Snell's law, is valid. These observations hold for step discontinuities as well as for tapered transitions of (reasonably) arbitrary shape and extension, exemplified by our results on linear tapers of different lengths.
More accurate results would require the (computational) solution of the exact equations. This then concerns a vectorial Helmholtz equation on a 2-D computational domain, with transparent boundary conditions that permit the influx of the properly rotated guided slab mode. Since formally the problem is identical to a standard vectorial mode eigenvalue problem, it should be possible to modify some suitable solver accordingly. It is to be anticipated that phenomena like polarization coupling / field hybridization, as found for specific channel waveguides, will also occur for the present angled slab transition problems.
